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The current status of the Adler function and two closely related Deep Inelastic Scattering (DIS) sum rules, 
namely, the Bjorken sum rule for polarized DIS and the Gross-Llewellyn Smith sum rule are briefly reviewed. A 
new result is presented: an analytical calculation of the coefficient function of the latter sum rule in a generic 
gauge theory in order 0{ai). It is demonstrated that the corresponding Crewther relation allows to fix two of 
three colour structures in the 0{a^) contribution to the singlet part of the Adler function. 
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1. Introduction 

Exactly ten years ago at "Loops and Legs 2000" 
[T] one of the present authors discussed the per- 
spectives of computing the famous ratio R{s) — 
"^ f + S\ a^ronsj ^^^ equivalcntly, the Adler func- 
tion of the correlator of the EM vector currents at 
order af in massless QCD (for a general review 
see [2] ) . The main conclusion was that " ... a 
better understanding of all kinds of relations con- 
necting various p-integrals could eventually result 
to the reduction of an arbitrary 5-loop p-integral 
to a combination of some limited number (a few 
dozens?) of master p-integralfj^. Once it is done it 
should be not very difficult to evaluate the latter 
analytically or numerically ..." Now, ten years 
later, we can rightfully state that the program 
has been successfully worked out and almost (see 
below) completed. |3l4l5l6l7l8j . 

Below we summarize the current status of the 
calculations of the Adler function and of two 
other, through generalized Crewther relations 
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|9I10) closely related, physical observables: the 
Bjorken and the Gross-Llewellyn Smith DIS sum 
rules 111112] at order af in massless QCD. 

2. Adler Function 

It is convenient to start with the polarization 
operator of the flavor singlet vector current: 



-q^. The corre- 



(2) 



with j^, = X;, '0j7mV'j and Q^ : 
sponding Adler function 

D{Q^)^ -12 n'Q'^UiQ') 

is naturally decomposed into a sum of the non- 
siglet (NS) and singlet (SI) components (see 
Fig. 1): 

D{Q') = njD^^{Q')+n}D^'{Q'). (3) 

Here nf stands for the total number of quark 
flavours; all quarks are considered as massless. 

Note that the Adler function D^^^ correspond- 
ing to the electromagnetic vector current jjf^^ — 

J2i Qi'0i7/i'0i [Qi stands for the electric charge of 
the quark field ipi) is given by the expression: 
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Figure 1. (a),(b): lowest order nonsinglet and singlet diagrams contributing to the Adler function. 



The perturbative expansions of nonsinglet and 
singlet parts read (a^ = ^^): 

D'^'iQ') = dn(l + Y.dr<{Q')y (5) 

D'^iQ') = dnlf^ df'aliQ')], (6) 

where for future convenience the parameter dn 
(the dimension of the quark color representation, 
dj^ = 3 in QCD) is factorized in both nonsinglet 
and singlet components. 

At order a^ both components of the Adler func- 
tion are known since long |13I14I15] for the case 
of a general colour gauge group. The correspond- 
ing a^ calculation has been recently finished [516] 
for the nonsinglet function D^^ only . 

The singlet component has the following struc- 
ture at orders a? and at: 
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Here C'f and Ca are the quadratic Casimir opera- 
tors of the fundamental and the adjoint represen- 
tation of the Lie algebra, d"'"' == 2Tr({^^}^}, 
T is the trace normalization of the fundamental 



representation. 

SU(3)): 



For QCD (colour gauge group 



Ci. = 4/3 , Ca = 3 , T : 
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From general considerations we expect that the 
missing a^ contribution to the singlet compo- 
nent of the Adler function should be numerically 
inessential (see the next section for an explicit 
argument in favour of this assumption) . The cor- 
responding direct calculation is under way and 
should be finished in the near future. 

3. DIS sum rules 

The Bjorken sum rule expresses the integral 
over the spin distributions of quarks inside of the 
nucleon in terms of its axial charge times a coef- 
ficient function C^^^: 



rr"(Q' 



gr{x,Q')~gr{x,Q')]dx 
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where 17^^ and gf" are the spin-dependent proton 
and neutron structure functions, gA is the nucleon 
axial charge as measured in neutron /3-decay. The 
coefficient function C^^^{as) = 1-1- 0{as) is pro- 
portional to the fiavour-nonsinglet axial vector 
current ip^^^^f^tp in the corresponding short dis- 
tance Wilson expansion. The sum in the second 
line of (0) describes the nonperturbative power 
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Figure 2. (a),(b): 0{a^) nonsinglet and singlet diagrams contributing to the Gross-Llewellyn Smith sum 
rule; note that the coefficient function C^^^ is contributed by only nonsinglet diagrams. 



corrections (higher twist) which are inaccessible 
for pQCD. 

Another, closely related sum rule, the Gross- 
Llewellyn Smith one, reads (we do not write ex- 
plicitly the higher twist corrections below) 



C'^iQ') = E^f'«^W' 



(14) 
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where F^^^ ^^{x,Q'^) is the isospin singlet struc- 
ture function. The function C'^^^{as) comes 
from operator-product expansion of the axial and 
vector nonsinglet currents 



where 



cr^aK.(o)- 
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The results for both functions C^^p and C"^-^^ 
at order a^ are known since early 90-ties [T7]. 
Note that there is a remarkable connection (fol- 
lowing from the chiral invariance |17| ) 

C^^P = C^^ (15) 

valid in all orders of the perturbation theory. 

The ©(a^) contribution to C^^p has been re- 
cently computed and published in [B] . The calcu- 
lation of the C'(af) contribution to C^^ has been 
just finished. The results for both functions are 
given below. 

We start from their numerical form. 

C^^ = \-a,+ (-4.583 + 0.3333 nf) al (16) 
+ a^ (-41.44 -I- 7.607 n/- 0.1775 nj)a^ 



and Va — Tpla'^' is a- flavour singlet quark current. 
At last AJ^ = V'7A.75i"V', K** = i^li^t''i> are axial 
vector and vector nonsinglet quark currents, with 
the t°, t'' being being the generators of the flavour 
group SU{nf). 

All diagrams contributing to C^'"^{as) can be 
separated in two groups: nonsinglet and singlet 
ones (see Fig. 2): 



(-479.4 + 123.4 n/ - 7.697 n^ 



0.104 nj) aj 



C*-' = 0.4132 uf ai+a'l Uf (5.802 - 0.2332 nj) .(17) 

For a typical value of n/ = 3 the above relations 
read: 



C"^(n/=3) = 1 - l.a, - 3.583< 



- 20.22a^-175.7at 
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1.2396 a3 + 15.3072 al 
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(19) 



As expected the singlet contributions are less 
than the nonsinglet ones by at least one order in 
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Ots- 

The result for C^^ valid for a generic gauge 
group is given in i6J. For the singlet coefScient 
function the generalization of eq. (ITTI) to a generic 
gauge group read 
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4. Crewther relations 
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There exist two (generalized) Crewther rela- 
tions which connect the nonsinglet and the full 
Adler functions to the coefficient functions C^^^ 
and C'-^^^ respectively [10]. The relations state 
that 
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K{as), (26) 



Here /3(as 



+af iCa + a^ ^3 + . . . 

the QCD /3-function with its first term /3o = 
■i^ CU ~ '3 ^f- The term proportional to the f3- 
function describes the deviation from the limit 
of exact conformal invariance, with the devia- 
tions starting in order a^. The relations (P5)) 
and (PS|) were suggested in [TU] on the basis of 



[9118] and the 0{al) calculations of the functions 
(jBjp^ (jGLS ^^^ £, carried out in a3,14,17j . For- 
mal proofs were considered in [19120] . 

Relation (1^51) has been investigated in work |B] . 
Here it was demonstrated that at orders a^,Q!g 
and a^ eq. (|25p produces as many as 2, 3 and, 
finally, 6 constraints on the combinations d^ -I- 



c^^d^ 



c^ and <^ 



r,NS 



respectively (for 



a very detailed discussion at orders a^ and a^ see 
also [in]). 

The fulfillment of these constraints has pro- 
vided us with a powerful test of the correctness of 
the calculations of D^"^(as) and C^^P{as)- It also 
fixes unambiguously the (nonsinglet) Crewther 
parameters K^^ ,K^^ ans K^^ (for explicit ex- 
pressions see [6]). 

Let us consider now eq. (|26p (assuming that 
(PS]) is fulfilled). Combining eqs. (I3I12I15P and 
(P5|) leads to the following relations between co- 
efficients K!^^ and K,: 
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Thus, we conclude that eq. (pS)) puts 

3 — 1 = 2 constraints between two triplets of 
(purely numerical) parameters {d^ijdfiidf^a} 
and {cf'^jcf 2,043} appearing in eqs. (jS]) and 



([21]) ') and completely describing the order af sin- 
glet contributions to the Adler function and the 
Gross-Llewellyn Smith sum rule respectively. 

The solution of the constraints and eqs. (|22j|24p 
produces the following result for df^: 
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We have analytically computed the 0{a^) con- 
tribution to the Gross-Llewellyn Smith sum rule. 



2-column format camera-ready paper in WTf^ 



The result taken together with the corresponding 
(generalized) Crewther relation leads to a predic- 
tion for the (still unknown) 0{a'^) term in the 
singlet component of the Adler function. The pre- 
diction depends on only one unknown numerical 
parameter — the Crewther coefhcient k^{ . 

The direct calculation of the three coefficients 
{df^, df 2,^4 3} parameterizing the 0{a'l) contri- 
bution to the singlet component of the Adler func- 
tion will be finished soon. Then will get another 
strong check of the complicated machinery em- 
ployed in performing the calculations. 

The calculation of the coefficient function 
C"^-^^ has been performed on a SGI ALTIX 24- 
node IB-interconnected cluster of 8-cores Xeon 
computers and on the HP XC4000 supercomputer 
of the federal state Baden- Wiirttemberg using 
parallel MPI-based [21] as well as thread-based 
[22] versions of FORM [23]. For the evaluation 
of color factors we have used the FORM program 
COLOR [24]. The diagrams have been generated 
with QGRAF "25^. The figures have been drawn 
with the the help of Axodraw 26 and JaxoDraw 
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